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—— Abstract

Substructural logics and languages are central to the semantics of resource-sensitive computation,
yet their mechanization in a proof assistant remains technically demanding. Existing formalizations
of substructural calculi often depend on ad hoc, system-specific infrastructure, making them difficult
to extend and limiting reuse across developments. As a consequence, mechanizing even routine
meta-theoretic proofs in substructural settings require substantial engineering effort.

This paper introduces a new Rocq library aimed at closing this methodological gap. Building
on the CARVe (‘Contexts as Resource Vectors’) framework first implemented in Beluga, our design
represents resource usage algebraically rather than structurally. This approach integrates smoothly
with well-scoped de Bruijn syntax, eliminating much of the overhead associated with explicit context
manipulation. By abstracting over resource algebras, the library captures within a single, uniform
development the common structure underlying a wide range of substructural disciplines, including
more abstract formulations such as adjoint systems. The library provides reusable machinery for
core operations like context splitting and resource consumption, together with generic lemmas that
apply uniformly across applications. We demonstrate the expressiveness and extensibility of the
framework through several case studies covering diverse substructural calculi, showing that the
approach enables more modular mechanizations with reduced proof overhead.
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1 Introduction

The structural rules of weakening, contraction, and exchange govern how assumptions in a
logical system may be duplicated, discarded, or reordered. Omitting or relaxing these rules
gives rise to logics such as linear, affine, or relevant logic, and to corresponding resource-
sensitive programming languages. These logics and languages are collectively called substruc-
tural, and play an increasingly central role in the study of resource-sensitive computation
across a wide range of applications, including the foundations of concurrency [13, 46], quan-
tum computing [42], and memory management [28, 10].
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Unlike the mechanization of purely structural type systems, where trade-offs between
representations and proof techniques are comparatively well-understood, the landscape for
substructural systems remains far less settled. Indeed, the Concurrent Calculi Formalisation
Benchmark [15] identifies the mechanization of linearity as a central challenge problem for
modern proof assistants. Although many mechanizations of substructural calculi exist (see
the review in [48]) they usually rely on ad hoc system-specific infrastructure. While effective
in isolation, these developments can be difficult to reuse or generalize. In recent years, several
efforts have sought to provide a more principled foundation for formalizing substructural type
systems [16, 47, 48].

Because substructural languages treat assumptions as resources rather than freely reusable
hypotheses, mechanizing their meta-theory usually demands careful management of contexts
of assumptions. Notably, typing rules often require splitting a context into disjoint parts—
each allocated to a different subterm—so that no assumption is used more than permitted.
When working with de Bruijn representations of syntax, one must carefully re-index variables
after each such manipulation, which can substantially complicate formalization. This diffi-
culty is compounded when reasoning about simultaneous substitutions, as required by many
logical relations proofs, since the substitutions must be updated alongside the contexts.

In the linear setting, Rouvoet et al. [40] avoid such re-indexing of de Bruijn indices
using co-de Bruijn syntax [2, 29]. This representation makes it possible to capture linearity
constraints directly in the term structure. However, it is not clear whether co-de Bruijn
syntax scales cleanly to richer substructural systems, and the resulting syntax is generally
even less readable than standard de Bruijn representations. By contrast, using standard well-
scoped de Bruijn representations [4] builds on established best practices and take advantage
of robust libraries like Autosubst [44] for mechanized developments.

All these considerations have motivated the design of CARVe (“Contexts as Resource
Vectors”) [48], a general framework for representing and manipulating substructural con-
texts in mechanizations. The framework was originally implemented in Beluga [35, 36], a
dependently-typed proof environment built on the logical framework LF. Building on an idea
by (among others) Schack-Nielsen and Schiirmann [41], CARVe annotates each assumption
with an element of some resource algebra. These tags encode information about an assump-
tion’s availability, such as whether it may be used exactly once, multiple times, or not at
all. Instead of physically restructuring a context when assumptions are used or distributed
across subterms, CARVe updates their tags to reflect the new usage status. As a conse-
quence, contexts remain structurally intact across proofs. This design integrates naturally
with well-scoped de Bruijn representations of syntax, since the indices and scoping discipline
are preserved automatically.

This paper presents rocq-carve, a new implementation of CARVe as a library in Rocq,
providing a uniform and accessible framework for mechanizing substructural systems. Im-
plementing CARVe in Rocq opens the door to broader practical use by the proof assistant’s
large and active user and developer community, and to integration with Rocq’s broad ecosys-
tem of libraries for more complex mechanizations. Indeed, Rocq’s rich type system enables
the formalization of meta-theoretic properties using CARVe that were previously difficult or
impossible to capture in Beluga. At the same time, Rocq supports a more modular, reusable
CARVe library, which can be readily instantiated with different resource algebras; rocq-carve
supports parameterization by both concrete and generic resource algebras, the properties of
which lift directly to contexts represented as either lists or maps. We illustrate the library’s
use through a weak-normalization proof for a generic substructural A-calculus, and show
how the framework can be reused for a range of other substructural calculi.
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2 CARVe

2.1 Structural substructural contexts

Let us begin by considering a fragment of the linear A-calculus:
Lz:Ske:T

I'tXz:Se:S—-T

Fll—ele—OT FQFBQIS
Pl;Fgl—eleQ:T

(HYP)

e Tra: T (—I)

(—E)

The substructural requirement that each assumption be used exactly once makes it necessary
to define an operation I'y; I'y for merging two disjoint contexts. Defining “;” as mere
concatenation is insufficient in the absence of an explicit exchange rule. Accordingly, the
operation may interleave assumptions arbitrarily and is inherently non-deterministic. From
a mechanization perspective, a major consideration therefore is compatibility with nameless
representations of syntax, such as de Bruijn indices. When contexts are split, all variables
indices must be adjusted accordingly, and when assumptions are consumed, the remaining
elements must be shifted to preserve correct scoping. This bookkeeping introduces significant
complexity into the formalization of substructural type systems.

CARVe [48] adopts an alternative “no-splitting” approach: the central principle guiding
its design is to keep contexts “structurally intact” when they are split or their elements
are consumed. Changes in resource availability are tracked through multiplicity tags o on
context elements:

A= |Ajz:T™

The resource annotations are drawn from a user-defined resource algebra. This consists of a
set A of multiplicities together with

1. a join relation Join C (A x A) x A, suggestively written a o b = ¢; and
2. a relation hasProp C {W,C} x A associating multiplicities to structural properties.

The join relation governs how resources may be combined or distributed; it is lifted
to contexts to define a (deterministic, provided o is functional) context merge relation, or
viewed differently, a (potentially non-deterministic) context split relation.

A1I><IA2=A a1 o0y =«
== (A, 2 : T ) (Ag,z: T2) = A,z : T

Variable names are included here for readability but may be omitted. While T' denotes here
an object-level type, it may range over any kind of resource.

The second component hasProp provides a characterization of the structural properties
P supported by the elements of A. These structural properties can be enforced at the level
of judgments about resources—for example, in typing rules.

The algebraic structure ensures that operations such as context splitting and tag updat-
ing are well-behaved by construction: properties of the chosen algebra lift automatically to
the context level. It is often beneficial to assume that the structure satisfies additional alge-
braic properties, such as commutativity and associativity, and that a partial unit |a| exists
for each a € A. This modularity allows CARVe to serve as a general-purpose framework for
mechanizing various substructural type systems without requiring modifications to the core
context machinery.
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The following table summarizes the basic context-level operations and properties that
CARVe treats as primitives:

Property Notation Description

Merge A; Ay =A A is the result of merging contexts A; and Az

Look-up z:T* €A x appears with resource T' and multiplicity « in A
Update Alz : SP) Replace z’s resource with S and multiplicity 8 in A
Map map; ,A Apply f to each resource and g to each multiplicity in A
Renaming ren,A Apply the renaming p to the variables of A

Property check P € A hasProp P« for each z : T € A

Remark that viewed as an operation, the join relation of a given algebra may be partial,
depending on the substructural system under consideration. Its induced context-level merge
operation may therefore also be partial. As reasoning about partial functions in proof
assistants generally introduces unnecessary complexity, we opt to represent the join operation
as a ternary relation (see also the discussion in [19]). Still, our approach remains agnostic to
the particular implementation of the above context operations and primitives—they could
be relational or functional—and indeed to the representation of contexts.

2.2 Linear )\-calculus, revisited

We may now revisit the linear A-calculus, encoded using CARVe. As the resource algebra, we
take the partial commutative monoid £ := ({0, 1}, e, 0), whose join operation e is defined by:

= O [ ]
- o [es)
—

The element 0 denotes an assumption that has been consumed or is otherwise irrelevant.
When parametrizing a context with £, linear assumptions (with tag 1) must be allocated
to exactly one branch of a context split by construction, since 1 e 1 is undefined. We set
hasProp P 0 for both P =W and P = C, while 1 satisfies neither.

In CARVe, the typing rules become:

z:T'e A W e Afz : TY) (HYP) Ajz:StiFe:T (el
Alrz:T AlFdx:Se:S—-T
AlH—ele—oT AQH‘@QIS A1I><IA2:A (—OE)

A”‘€1622T

The encoding of application and abstraction is straightforward. Because contexts remain
structurally intact throughout derivations, the variable rule (HYP) requires checking (1) that
x appears with type T and linear multiplicity 1 in A, and (2) that the context resulting
from updating z’s tag to 0 is “exhausted,” in the sense that all the other assumptions are
tagged as 0. This ensures that the context is effectively singleton at the point of use.
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®3)

Alrx: T
—zero(«)

Ax:Ske: T
AlFAz:Se: (S—T)

(—l)

A1”—61:(S—0T)a AQ”‘GQISa A1I><IA2:A

AlFerey: T (—E)

Figure 1 Generic substructural A-calculus

2.3 Beyond linearity

CARVe contexts can be instantiated with different resource algebras to enforce different
substructural constraints on resource usage. For illustration, consider the resource algebras
corresponding to the four canonical substructural disciplines satisfying exchange:

Algebra Elements Join operation Unit Properties held

Linear: £ 0,1z 0e0=0,1,00=001;, =1p 0 W,C €0

Affine: A 0,14 0e0=0,1400=0014 =14 0 W,Ce0,Wela
Relevant: R 0,wr 0Oe0 =0, 0 W,C €0, C €wr

wpe0=0e0wr = WR ® WR = WR

Structural: S ws ws e Ws = Ws ws W,C € ws

In contrast to linear assumptions, fully structural assumptions (tagged wg) always persist
across splits, while relevant assumptions (tagged wgr) may do so. These algebras can be com-
bined by standard constructions; for instance, the resource semantics of dual intuitionistic-
linear logic [8] arises from the disjoint union of the structural and linear algebras.

In addition to encoding concrete substructural languages, CARVe supports the formula-
tion of typing systems parametrically over a class of resource algebras. Consider the core
rules of a generic substructural A-calculus extending the linear example (Figure 1). We
assume that each multiplicity « is equipped with a designated unit ||, and include in the
(rYP) rule an assumption that « is non-zero to prevent irrelevant assumptions from being
derivable. Specifically, zero(«) indicates that « is the unrestricted unit of a multiplicity that
fails to satisfy weakening or contraction.

If we parametrize these rules by the affine algebra A, condition (1) becomes vacuous.
Similarly, condition (2) is vacuous when using the linear algebra L, and all of conditions
(1)-(3) disappear under the structural algebra S. For the relevant algebra R, all three
checks are required. In the application rule, the context-merge condition also becomes
vacuous under S. In this way we recover the CARVe-style typing rules for the respective
single-substructural natural deduction calculi. As anticipated above, using the combination
of £ and S we recover the implicational fragment of dual intuitionistic-linear logic.

We could instead, however, draw the multiplicities « from an arbitrary algebraic structure
A equipped with a join relation, assumed to be functional, commutative, associative, and
to admit a partial unit for each element. To ensure that this parametrized calculus is
well-behaved, we must define and impose additional constraints governing weakening and
contraction. These rule out pathological situations in which, for instance, two non-zero
elements could join to form a zero element. (We will return to this in more detail in

XX:5

ITP 2026



XX:6

CARVe in Rocq

Inductive mult := Zero | One.

Inductive join : mult — mult — mult — Prop :=
| m_00 : join Zero Zero Zero

| m_10 : join One Zero Zero

| m_01: join Zero One One.

Definition hasWm := m = Zero.
Definition hasCm := m = Zero.

Figure 2 Rocq encoding of the linearity resource algebra

Section 3.1). Establishing meta-theoretic properties about this generic calculus therefore
yields the corresponding results for every concrete instance “for free.”

The reader will notice a strong resemblance to the structure of adjoint logic. Indeed, the
system presented in Figure 1 may be viewed as a fragment of adjoint natural deduction [24],
without interaction between distinct substructural modes and therefore without the need
to equip algebra elements with a specific preorder. Side-condition (2) of the variable rule
(rYP) enforces a global independence property analogous to the independence constraints
characteristic of adjoint systems.

3 Implementation of CARVe in Rocq

Following the Beluga implementation of CARVe, we model the (potentially partial) binary
operators of resource algebras in Rocq as ternary relations

join: A — A — A — Prop.

This design choice aligns with the constraints of most (constructive) type-theoretic proof
assistant, which support only total computable functions. A judgment join a b c expresses
that resources a and b can be combined to form c. We define predicates A - Prop stating
whether a given multiplicity is a zero element or satisfies weakening or contraction. As a
concrete example, Figure 2 presents an encoding of the linear resource algebra.

We define two kinds of contexts for use in case studies: list contexts and function contexts.
List contexts are lists of resources tagged with an algebra element, i.e., terms of type

Definition lctx (R A : Type) : Type := list (R % A).

where R is a type of resources and A the algebra carrier. List contexts are suitable for
modeling contexts of named or unnamed resources, like sequents. Function contexts are
total functions

Definition fctx (DR A : Type) : Type :=D — R x A.

where D is some index set. In particular, when working with well-scoped de Bruijn indices,
elements in D are finite sets of natural numbers. In the list representation, D is implicitly
represented by the index at which where a pair appears.

In implementing this infrastructure, we adopt the basic algebraic definitions from Appel
et al.’s Mechanized Semantic Library (MSL) [5], which provides a relational join typeclass:
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Class Join (A : Type) : Type :=
join: A — A — A — Prop.

Although CARVe could be constructed in Rocq from the ground up, we integrate MSL
for two main reasons. First, while rocq-carve contexts may be instantiated with arbitrary
resource algebras about which users can prove properties, it is practically convenient to
provide access to MSL’s well-structured hierarchy of canonical constructions and derived
lemmas for separation algebras and their variants, like multi-unit separation algebras. In
particular, for any concrete resource algebra, one may prove that its join operation satisfies
algebraic properties like associativity or commutativity and instantiate the MSL classes for
separation algebras and the like; these instances let one make use of MSL’s extensive libraries
of pre-proven lemmas.

Second, the library provides operators to construct algebras compositionally from simpler
ones while preserving the underlying axioms; this eliminates the need to re-implement these
structures from scratch. Thus we lift A’s algebraic structure to list and function contexts
using MSL’s separation algebra generators. For example, a product generator defines the
obvious component-wise join operator on products of algebras (we endow R with a trivial
algebra),

Instance Join_fctx {JA : Join A} : Join fctx :=
Join_fun (Join_prod Join_equiv JA).

and the list generator similarly defines a join operator on lists element-wise. The induced
join operator on list contexts corresponds exactly to its inductive characterization in [48],
and it instantiates the same MSL classes as A. This generator-based approach lets us lift
algebraic properties from resource algebras to context merging for free, and avoids the need
to prove such properties on a case-by-case basis in proof developments.

As another example, we can combine the aforementioned linearity resource algebra with
the trivial fully structural algebra

Definition mult : Type := unit.
Definition join :=fun _ _ _ = T.

using MSL’s operator on disjoint sums to obtain a dual intuitionistic-linear resource algebra:

Definition mult : Type := linear.mult + structural.mult.
Instance Join_mult : Join mult :=
Join_sum _ linear.Join_mult _ structural.Join_mult.

Here unit is Rocq’s singleton datatype with sole inhabitant tt, and linear.Join_mult and
structural.Join_mult are the respectives instances of the Join_mult class for the linear and
structural components.

3.1 Encoding typing rules of the generic substructural \-calculus

To illustrate the use of rocq-carve for encoding languages and mechanizing their meta-theory,
we return to the generic substructural A-calculus of Section 1. We follow the standard well-
scoped de Bruijn approach for representing terms, and use the Autosubst library [44] essen-
tially out-of-the-box to obtain auto-generated substitution operations and their associated
properties for terms. We model contexts as functions from finite sets of natural numbers
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Definition tenv n := fctx (fin n) ty A.

Inductive has_type {A} {JA: Join A} {SA: Sep _alg A} {RA : Res_alg A} {n}
(A:tenvn):tmn — ty x A — Prop :=
| t_Var:
V (T: ty) (fn: finn) (a: 4),
lookup A fn = (T, a) —
ctx_forall hasW (upd A fn (T, core a)) —
(hasW a — ctx_forall hasW A) —
(hasC a — ctx_forall hasC A) —
- zero a —
has_type A (var fn) (T, a)
| t_Abs:
V (ST: ty) (el: tm (Sn)) (a: 4),
has_type (scons (S, a) A) el (T, a) —
has_type A (lam S el) (Fun ST, a)
| t_App :
V (A1 A2:tenvn) (ST: ty) (el e2: tmn) (a: 4),
has_type Al el (Fun ST, a) —
has_type A2 e2 (S, a) —
join A1 A2 A —
has_type A (app el e2) (T, a).

Figure 3 Rocq encoding of the generic substructural A-calculus using rocq-carve

(a) We highlight the origin of each definition by colour: those provided by rocq-carve are shown in red,
those from the MSL library in brown, and those from Autosubst in blue.

to type-multiplicity pairs: fctx (fin n) ty A. Importantly, context splits require no index
shifting or renaming to preserve well-scopedness, since CARVe contexts remain structurally
intact across splits.

Figure 3 presents a encoding using rocg-carve of the generic calculus. Alongside the type
A and an instance of the typeclass Join A, which fix the resource algebra and its join relation,
the typing judgment is indexed by instances of the classes Sep_alg and Res_alg. The former
stems from the MSL library. It imposes standard algebraic constraints on the join relation,
in particular that it is functional, associative, commutative, and positive (also known as
“conic”), and that a unit element core a exists for each a : A. In practice, some meta-theory
additionally requires the join relation to satisfy cancellativity, i.e., for A to be an instance
of MSL’s Canc_alg class, which enforces units’ uniqueness. These requirements are mild and
are satisfied by each of the canonical resource algebras described in Section 2.3.

The newly-defined typeclass Res_alg (Figure 4) supplements these algebraic assumptions
with the additional structure required to characterize substructurality in the generic calculus.
An instance of Res_alg consists of predicates hasWw and hasC identifying which multiplicities
admit weakening and contraction, together with several properties abstracting their struc-
tural behaviour. These axioms were, in effect, reverse engineered: they are sufficient for the
generic meta-theory, including type safety and weak normalization, to hold uniformly for
any resource algebra satisfying them, without claiming optimality.

The predicate ctx_forall P A expresses that a property P : A - Prop holds for every
multiplicity tag in a context A. It is defined in the obvious way, as are look-up lookup and
update upd.
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Class Res_alg (A : Type) {JA : Join A} := {

(* Primitive definitions *)

hasW: A — Prop;

hasC: A — Prop;

unr a := hasW a A hasC a;

zero a:=unr a A 3 a’, unit_for aa’ A — unr a’;

(* Properties of elements satisfying weakening *)
hasW_identity : V {a}, identity a — hasW a;
hasW_join_closed : V {al a2 a}, join al a2 a — hasW al — hasW a2 — hasW a;

(*x Properties of elements satisfying contraction *)
hasC_idem : V {a}, join a a a — hasC a;
hasC_join_distrib :V {c al a2 al2 a},

hasC ¢ — join al a2 al2 — join al2 ca —

3 al’ a2’, join al cal’ A join a2 c a2’ A join al’ a2’ a;

(* Properties of ‘zero-like’ elements *)
zero_join_collapse : V {al a2 a}, join al a2 a — zero al — zero a2 — al = a;
nonzero_split : V {al a2 a}, join al a2 a — — zero al — al = a;

1.

Figure 4 Class of generic substructural resource algebras

3.2 Proving meta-theory generically

As an illustrative example of using rocq-carve for meta-theory, we will outline a proof of weak
normalization via logical relations. We follow the approach of Dreyer et al. [20], in which
the logical relation is split into value and expression components. We adapt the definitions
and proofs of Stark [43], originally designed for a fully structural calculus, to allow for a
clean comparison of the additional complexity introduced by substructurality. We define
the dynamics of the calculus in the standard way, allowing reductions under binders.

First, a predicate L is defined by structural recursion on object-language types, expressing
that a term is reducible at type T.

Fixpoint L {n} (T : ty) (e : tmn) : Prop:=
match T with
| Unit = 3 v, mstep e v A value v
| Fun T1 T2 =
match e with
| lam _e =
V k (§: finm — fin k) v,
LTiv —» E(LT2)e[v.. (§> var)
| =1
end
end.

At unit types, a term is reducible if it evaluates to a value. At function types Fun T1 T2, a
term is reducible if it a A-abstraction whose body, when instantiated with any argument v
reducible at Tt (and under extensions of any arbitary renaming &, written v .: (£ > var)
in Autosubst notation), evaluates to a value reducible at T2. Separately, an expression-level
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predicate E states that a term evaluates to a value satisfying such a property:

Definition E {m} (L : tmm — Prop) (e : tmm) : Prop :=
3 v, mstepev A Lv.

From these definitions, it is immediate that all reducible terms halt:

Lemma EL_halts {n} :
V (T:ty) (e: tmn), E(LT) e >3 v, mstepev A value v.

Next, we define the notion of reducible simultaneous substitutions and a semantic typing
judgment:

Definition G {n k} (A : tenvn) (o : finn — tm k) : Prop :=
V (x: finm), L (fst (A x)) (o x).

Definition has_type_sem {n} (A : tenvn) (e : tmn) (T : ty) : Prop :=
V k(o: finn - tmk),G Ao —E(LT) efo].

Intuitively, ¢ A o asserts that the substitution o maps each variable to a term reducible at
the type assigned to it by the context A. The identity substitution fun x => var x trivially
satisfies this property for the empty context emptyC, defined as the vacuous map from fin 0
to some constant default value. The judgment has_type_sem A e T expresses that under any
such substitution, e reduces to a value satisfying L T.

In traditional mechanizations of substructural systems with de Bruijn indices, the main
complexity of logical relations proofs arises when reasoning about such simultaneous substi-
tutions. Consider the fundamental lemma;:

Lemma fundamental {n} :
V (A:tenvn) (M: tmn) (T: ty) (a: A4),
has_type A M (T, a) —
has_type_sem A M T.

In the application case, the typing context is split. With standard approaches, one must
then also explicitly split the substitution into two. This requires a delicate treatment of
indices. Mechanizing this operation is non-trivial and typically introduces significant over-
head. By contrast, CARVe keeps the full typing context intact across context splits. Because
unavailable assumptions never appear in the syntax of terms by design, the substitution sim-
ply does not act on assumptions that were “removed” for resource-tracking purposes. As a
result, it is safe to also keep simultaneous substitutions intact throughout.

Whereas the traditional approach inflates the proof effort, the CARVe approach to
substitution-related reasoning maintains essentially the same the complexity as in the purely
structural setting. Only one additional lemma is needed to show that reducible substitutions
are preserved across context splits:

Lemma G_split {n k} :
V (Al A2 A : tenvn) (0 : finn — tmk),
GAo—
join Al A2 A —
GAlo A GA20.

Putting these pieces together, we obtain weak normalization for our generic calculus: any
closed, well-typed term halts.



D. Zackon, R. Kavanagh, A. Momigliano & B. Pientka

System Property LoC
Generic substructural A-calculus ~ Weak normalization (1) 194
Generic substructural A-calculus  Weak normalization (2) 195
Generic substructural A-calculus Progress 40
Generic substructural A-calculus  Preservation 328
Generic substructural A-calculus Let-elimination 71
Generic substructural A-calculus Equivalence with linear A-calculus 43
CP Progress 261
Adjoint natural deduction Progress 66

Figure 5 Summary of case studies mechanized using rocq-carve

(a) Remark: The lines-of-code count above excludes definitions of syntax, typing rules, and so on. The
rocq-carve library in its entirety counts some 3,400 lines of code including the case studies, but excluding
code generated by or imported from Autosubst and MSL.

Lemma weak_norm :
V (e: tm0) (T: ty) (a: A),
has_type emptyC e (T, a) —
3 v, mstep e v A value v.

The goal of formalizing such a generic system is to obtain a uniform meta-theory for a
family of substructural A-calculi. Once proven generically, the results can be instantiated
with a suitable resource algebra. The reader may be surprised that most of the preceding
development is lifted directly from the proof by Stark [43]. While our proofs rely on lemmas
provided by the rocq-carve library, their overall structure does not change dramatically, and
the definitions and statements remain unchanged. This close correspondence highlights an
important point usually obscured by the low-level bookkeeping involved in substructural
context management: the logical-relations argument, and more generally the reduction se-
mantics, do not fundamentally depend on resource usage. Using rocq-carve, adapting this
normalization proof to cover linear, affine, relevant, and unrestricted disciplines, all at once,
requires only some thirty additional lines of Rocq code.

4 Case studies

Alongside our implementation of CARVe, we have used it to mechanize several case studies
in Rocq, summarized in Figure 5. These case studies serve both as validation of the design
and as reference material for users of the library.

4.1 Generic substructural \-calculus

Our central case studies concern the implicational fragment of the generic substructural
A-calculus introduced in Sections 2.3 and 3.1, parametrized by arbitrary instances of the
Sep_alg and Res_alg typeclasses. In effect, this amounts to proving the desired results uni-
formly for the linear, affine, relevant, and structural A-calculi at once.

In addition to the weak normalization proof outlined in Section 3.2, we also mechanize
a second proof following the classical approach, in which a single logical predicate is de-
fined recursively on the structure of types. In both developments, we proceed in the usual
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way by proving that every well-typed term satisfies its logical predicate, from which weak
normalization follows as a corollary.

Next, we implement proofs of progress and preservation for the calculus as a traditional
benchmark. The proof of progress is a straightforward adaptation of the existing Rocq
script from Software Foundations [37]. The proof of preservation is more involved due to
the crucial substitution lemma. This in turn requires an auxiliary renaming lemma together
with proofs of the structural properties governing zero-like assumptions.

To showcase another use of CARVe, we implement a simple function that translates ex-
pressions of the generic substructural A-calculus with let-expressions into one without them,
following the standard encoding of let-expressions as function applications. We show that
this code-simplification program is type-preserving. While reasoning about such transfor-
mations cannot be done directly in Beluga [21], the proof in Rocq is routine.

Finally, as an additional property, we establish the equivalence between the generic
substructural A-calculus instantiated with the linearity resource algebra and the standard
linear A-calculus. The proof is by simple induction on the syntax of terms.

4.2 Adjoint natural deduction

As a proof of concept, we encode in rocq-carve the typing rules of adjoint logic [39] and of
the adjoint natural deduction calculus [24]. The systems are parametrized by a resource-
algebraic class extending Res_alg with a preorder. We extend the proof of progress from the
generic substructural A-calculus to the adjoint natural deduction calculus; we expect that
other meta-theooretic proofs will also carry over with minimal additional effort.

43 CP

To illustrate the use of rocq-carve for mechanizing sequent calculi, we prove progress for a
fragment of the session-typed process calculus CP [46]. CP is a proofs-as-processes inter-
pretation of classical linear logic. Its processes are typed by list contexts that specify the
types of communication channels. Proving progress for this calculus amounts to proving cut
elimination for the underlying linear logic.

5 Related work

The intuition that logical consequence and provability depend on the way we use information
precedes linear logic and is tightly intertwined with the history of the A-calculus, sequents,
and combinatory logic. In 1972, Urquhart [45] introduced a model of relevance logic where
the truth of a formula is relative to a “piece of information” belonging to a join-semilattice.
In strictness analysis, Mycroft [30] annotated function arguments to indicate if they are
definitely or possibly used. In a sense, even approaches such as DILL [8] or LNL [9] based
on multi-zonal contexts may be seen as tagging by location.

In a seminal paper, Girard et al. introduced bounded linear logic [22], where a family
of modalities !, A replaces the binary state of the exponential with an index, allowing the
logic to track the degree of reuse. This is the direct ancestor of modern quantitative and
graded modal type theories [7, 17, 1], where those indexes have been refined in terms of
(ordered) commutative monoids, quantales; and semirings. The same remark applies to
adjoint logics [24]. While these studies share the high-level idea of using algebraic annotation
to unify different logics, their aims differ substantially from ours: they provide foundations
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to the design of resource-aware functional programming languages (see Granule, Snax [33]
and Idris 2 [12]).

Similarly, we will not survey the full landscape of approaches to substructural context
management in the literature; we instead refer the reader to [48] for a partial overview.

A much closer relative to our approach is the body of work on separation algebras [14, 38,
25, 26], developed for reasoning about program correctness—and, in general, meta-theoretic
properties of (concurrent) programming languages—wherever some form of separation logic
is warranted. It is no coincidence that we have adopted Dockin et al.’s [19, 6] formulation
and implementation in the Mechanized Semantic Library. Note that the latter has also been
used for meta-reasoning, as in [23].

5.1 Meta-frameworks

Given our focus, we review more carefully what may be called meta-frameworks: libraries
and tools that support meta-theoretic reasoning over substructural logics.

Yalla [27] is a parameterized propositional linear logic system formalized in Rocq, de-
signed for user-specific instantiation. By adjusting parameters—specifically those governing
exchange and mix rules—users can generate a customized Rocq library that includes verified
proofs for fundamental properties like cut admissibility and focusing for the primary system
and its variants. Another meta-framework is EMTST, a Rocq library by Castro et al. [16]
aimed at representing and validating theorems about session types: binders are encoded in a
nameless style and contexts as finite maps a la MathComp, where splitting makes a context
undefined when it would result in duplicated entries. Both libraries export several dozen
functions and lemmas, but seem less general than rocq-carve, since they are geared towards
a specific application domain and concentrate on (variations of) linearity as a resource.

Wood and Atkey’s proposal [47], as formalized in Agda, is closer in generality to our
approach. They represent variable usage via skew-semiring annotations, allowing contexts
to remain unchanged while updating only the usage information of specific variables. By
extending McBride’s kits and traversals to a quantitative linear setting, they characterize
the abstract conditions needed for binding-respecting traversals of simply typed A-terms. In
this view, usages are vectors, usage-preserving context maps are matrices, and the linearity
properties of these maps provide precisely the lemmas required to show that traversals—and
thus renaming, sub-usaging, and substitution—reserve both typing and usage. Extending
the technique to settings such as CP or to general meta-theory remains, to our understating,
unresolved.

Further afield are tools such as TATU [31], which automatically ensures properties such
as cut elimination for object logics provided that they are encoded in linear logic with
subexponentials.

6 Conclusions and future work

We have presented the Rocq library rocq-carve to facilitate mechanizations of substructural
systems in which assumption usage is managed via resource tags drawn from a user-specified
resource algebra. The library supports both list-based and functional representations of con-
texts. It integrates smoothly with (well-scoped) de Bruijn syntax, eliminating much of
the overhead associated with explicit context manipulation in substructural settings. In
particular, rocqg-carve interoperates seamlessly with the Autosubst library for handling sub-
stitutions.
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By design, our library is parametric in an underlying resource algebra, and we leverage
this generality to study and prove meta-theoretic properties such as weak normalization and
type-preservation generically. To ensure the library is robust, we have carried out a range
of case studies, from natural-deduction-style type systems to sequent calculi. In addition,
we have considered a broad range of resource algebras: structural, linear, affine, strict, and
adjoint.

There are two main directions we plan to explore in future work. First, we intend to
extend, refine, and improve the rocq-carve library itself. There are several natural paths to
pursue:

1. Providing a general API to better expose the full range the operations and properties
the library supports;

2. Supporting additional algebraic structures, such as step-indexed [26] and ordered [34]
resource algebras, and hence the mechanization of a wider range of substructural type
systems; and

3. Generalizing the infrastructure to handle other context representations, such as length-
indexed lists, as well as intrinsically-typed representations of terms.

Second, we plan to use the rocq-carve library to study further meta-theoretic properties
that can be proven generically. Our approach demonstrated that the proof of weak normal-
ization extends to the substructural setting with few modifications. We wish to confirm that
other logical-relations proofs similarly generalize under CARVe. Promising candidate bench-
marks include substructural parametricity [3] and bisimilarity / program equivalence [11, 32].
This would shed light on Crole’s question, “How linear is Howe?” [18]. Our guess: not much.
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